The anomalous dimensions of the gluon and ghost fields as well as those of the ghost-ghost-gluon and quark-quark-gluon vertexes are analytically computed at four loops in pQCD. Taken together with already available anomalous dimensions of the coupling constant, the quark field and the mass the results lead to complete knowledge of all renormalization constant entering into the renormalization of the QCD Lagrangian at the four-loop level. As a by-product we get scale and scheme invariant gluon and ghost propagators at NNNLO. Using a theorem due to Dudal, Verschelde and Sorella, we also construct the four-loop anomalous dimension of the "gluon mass operator", A 2 , in the Landau gauge.
Introduction
The renormalization group equation is a powerful tool in investigating the properties of the Green functions of a renormalizable field theory. Its crucial ingredients are the anomalous dimensions of quantum fields as well as those of mass and coupling constant(s).
In recent years there has been achieved a significant progress in perturbative calculation of higher orders corrections to renormalization group functions For example, the most physically important RG functions of QCD-the β function and the quark mass and field anomalous dimensions-have been computed at a record-setting four-loup level [1] [2] [3] [4] .
In the same time the anomalous dimensions of the gluon and ghost fields are available in literature only at three-loop level [4, 5] . It is unfortunate for at least two reasons. First, the gluon and ghost field anomalous dimensions are important in comparison of the non-perturbative results for the momentum dependence of the corresponding propagators with perturbative predictions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Second, only the knowledge of anomalous dimensions of all fields of the QCD Lagrangian leads, together with the β-function, to complete reconstruction of all Renormalization Constants (RCs) entering into the renormalization of the QCD Lagrangian (see below).
In the present paper we fill the gap by analytically computing the anomalous dimensions of the gluon and ghost fields as well as that of the ghost-ghost-gluon vertex at four loops. All calculations have been done in the general covariant gauge.
We apply our results to find the scheme and scale invariant gluon and ghost propagators at Next-Next-Next-Leading Order (NNNLO) as well as the four-loop anomalous dimension of the composite operator A 2 .
Notations and generalities
The QCD Lagrangian with n f quark flavors in the covariant gauge reads:
where
The quark field ψ f i has a mass m f and transforms as the fundamental representation and the gluon fields A a µ as the adjoint representation of the gauge group SU(3). T a ij and f abc are the generators of the fundamental and adjoint representation of the corresponding Lie algebra. The c a are the ghost fields and ξ L is the gauge parameter (ξ L = 0 corresponds to the Landau gauge).
By adding to (1) all counterterms necessary to remove UV divergences from Green functions, one arrives at the bare QCD Lagrangian written in terms of the renormalized fields 2 :
Here Z 2g ξ is expressed through the RC of the gauge fixing parameter ξ L as follows
3 are the wave-function RCs appearing in the relations between the renormalized and bare gluon, quark and ghosts fields, viz.
The full set of the vertex RCs
serve to renormalize 3-gluon, 4-gluon, ghost-ghost-gluon, quark-quark-gluon vertex functions respectively. The Slavnov-Taylor identities allows one to express all four vertex RCs in terms of an independent one, Z g = g 0 µ −ǫ g , and the above listed wave function RCs. The corresponding relations are:
Within the MS scheme each RC does not depend on dimensional parameters (masses and momenta) and can be represented as follows
where h = g 2 /(16π 2 ) and the parameter ǫ is related to the running space time dimension D via D = 4 − 2ǫ. Given a RC Z(h), the corresponding anomalous dimension is defined as
Customarily, one also defines Z h = Z 2 g and refers to the corresponding anomalous dimension as the QCD β-function:
Eqs. (9) (10) (11) (12) imply that
As is well-known there is a one-to-one correspondence between an anomalous dimension and the corresponding RC. For instance, Z h obeys an equation
which leads to log
In general case Z depends on µ through both h and ξ L and an analog of eq. (20) assumes the form:
Eq. (21) can be easily utilized to reconstruct Z from γ and β. As anomalous dimensions are more compact than corresponding RCs in what follows we will write explicitly only the former.
Relations (9) (10) (11) (12) demonstrate that a minimal set of the RCs necessary to reconstruct all coefficients of the bare QCD Lagrangian (5) consists of Z m , all three wave-function RCs Z 3 , Z 2 , Z c 3 , and the coupling constant RC Z g or, instead, at least one from the collection Z V 1 , V ∈ {3g, 4g, ccg, ψψg}. Taking into account that Z m , Z 2 and Z g are known with four loop accuracy from the works [1] [2] [3] [4] , one is left with just two specific RC to compute, say, Z 3 and Z c 3 . At present there are basically two different ways to perform RG calculations at the four-loop level. Both approaches make use of the method of Infrared Rearrangement (IRR) Ref. [18] in order to set zero (possibly after a proper Taylor expansion) masses and external momenta. Both eventually employ the traditional integration by parts method to compute the resulting Feynman integrals 3 . The first one, pioneered in the yearly works of Dubna group [24] [25] [26] , amounts to adding an artificial mass or an external momentum to a properly chosen propagator of a given Feynman diagram before the expansion in masses and true external momenta is made. The artificial external momentum has to be introduced in such a way that all spurious infrared divergences are removed and the obtained Feynman integral is calculable. In practical multiloop calculations the condition of absence of the infrared divergences leads to unnecessary complications and, in some cases, even prevents from reduction to the simplest integrals. The problem was solved with elaborating a special technique of subtraction of IR divergences -the R * -operation [27] [28] [29] . This technique succeeds in expressing the UV counterterm of every (L+1)-loop Feynman integral in terms of divergent and finite parts of some L-loop massless propagators.
In the second approach the infrared rearrangement is performed by introducing a single auxiliary mass to all propagators in each Feynman diagram at hand [1, 30, 31] . No IR divergences can ever appear due to absence of any massless propagators. Next, after a proper expansion in all the particle masses (except the auxiliary one) and external momenta is performed. The resulting integrals are completely massive tadpoles, i.e. Feynman integrals without external momenta and with only a single mass inserted in all the propagators.
In our calculation of Z 3 and Z c 3 we have used the first, "massless" approach. It proved also to be more convenient to compute the RC Z ccg 1 instead of Z 3 and then to find Z 3 from eq. (11).
The four-loop diagrams contributing to the ghost propagator and to the ghostghost-gluon vertex to order α and, finally, computed with the program MINCER [33, 34] . The total amount of CPU time needed to compute RC Z 
(γ
Finally, a use of eq. (18) immediately leads us to 
For an important particular case of the Landau gauge ξ L = 0 we get: 
or, numerically,
Applications
In this section we consider some applications of our results. The case of the massless QCD with the Landau gauge fixing is understood in both subsections.
Scheme-invariant Gluon and Ghost Propagators in NNNLO
In general case a (multiplicatively renormalizable) Green function G depends on both a renormalization prescription (scheme) and the choice of the normalization scale µ. In many cases it is more convenient to deal with the scheme and scale invariant version of G which we will denote asĜ. Given the RG equation for G
then a formal solution forĜ readŝ 
and a use of explicit expressions for the very propagators from [35] we arrive at the following NNNLO predictions for the asymptotic behavior of the scheme and scale invariant functionsD and∆ at large Euclidean Q 2 = −q 2 in the MS scheme. First, for the case of pure gluodynamics (n f = 0) case of the SU(3) color group. In reality all calculations have been carried out for a little bit more general case of the SU(N) color group. Full expressions of RCs (and the corresponding anomalous dimensions) describing the renormalization of the Lagrangian (5) in the general covariant gauge and for the SU(N) color group are available (in a computer-readable form) in http://www-ttp.physik.unikarlsruhe.de/Progdata/ttp04/ttp04-08/.
